ABSTRACT: The classical truss model (or strut-and-tie model) for shear failure of reinforced concrete beams is modified to describe fracture phenomena during failure. The failure is assumed to be caused by propagation of a compression fracture across the concrete strut during the portion of the loading history in which the maximum load is reached. The compression fracture may consist of a band of splitting cracks that later interconnect to form a shear crack or a shear fracture band inclined to the strut. The width of the fracture band is assumed to occupy only a portion of the strut length and to represent a fixed material property independent of the beam depth. The energy release from the truss is calculated using two alternative approximate methods: (1) using the potential energy change deduced from the concept of stress relief zones; and (2) using the complementary energy change due to stress redistribution caused by propagation of the fracture band across the compressed concrete strut. Both approaches show that a size effect on the nominal strength of shear failure must exist and that it should approximately follow the size effect law proposed by BaZant in 1984. The physical mechanism of the size effect is also explained in a clear and simple intuitive manner. Finally, it is shown that the applied nominal shear stress that causes large initial diagonal cracks to form also exhibits a size effect.
INTRODUCTION
Although much has been learned about the shear failure of reinforced concrete beams during this century, the physical mechanism is still not adequately understood. The shear failure in a quasi-brittle material such as concrete involves progressive evolution of distributed damage and its localization into fracture, which causes a size effect. This is a major problem of the mechanics of solids today. It is a problem of great difficulty, in which simplified mathematical formulations are at this time inevitable.
The classical approaches to shear design of reinforced concrete beams are of two types: (1) empirical equations based on the concept of strength, which have been used for a long time in the ACI Code 318 (Building 1985) as well as other codes [CEB-FIP 1990 (Model 1993 , Eurocode EC2, 1991 (Design 1991)]; or (2) formulations based on the lower bound theorem of the theory of plasticity. These approaches exhibit no size effect, i.e., the nominal strength of the beam at failure is predicted as independent of the beam size when geometrically similar beams are considered.
In the literature, there exist over 470 experimental studies of the shear failure of reinforced concrete beams. Among them, there exist only 10 studies, most of them recent, that include the beam size as a variable parameter and provide a direct evidence of size effect; see Leonhardt and Walter (1962a,b) , Rusch (1962) , Kani (1967) , Bahl (1968) , Taylor (1972) , Walraven (1978 Walraven ( , 1981 , Chana (1981) , Iguro et al. (1985) [also Shioya et al. (1989) ; Shioya and Akiayama (1994) ], BaZant and Kazemi (1991) , Khorasgany (1994) , and Walraven and Lehwalter (1994) . Furthermore, there are very recent large-size test data by Gopalaratnam at University of Missouri, Columbia, orally presented at the ACI Convention in Denver in 1996. Kani's (1967) study was the first that provided unequivocal evidence of a strong size effect. All the test data available in the literature in the mid 1980s, which included several hundred test series, were statistically analyzed for the evidence of size 'Walter P. Murphy Professor of Civil Engineering and Materials Science, Northwestern Univ., Evanston, IL 60208.
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effect by Kim (1984, 1985) , BaZant and Sun (1987) and BaZant and Cao (1986) . Because test data for one beam size from one laboratory had to be compared to test data for another beam size from another laboratory, and because most studies varied simultaneously several parameters and did not adhere to geometrical scaling, it came as no surprise that the scatter was very high. Nevertheless, a size effect was clearly discernible. With the recent data, the existence of a strong size effect [e.g., Mihashi et al. (1994) , BaZant et al. (1994) ] is now clear and has become widely accepted, contrary to the situation a decade ago. The problem is how to explain it and model it.
To explain the size effect, three theories have been proposed: (1) a Weibull-type theory of random strength; (2) the theory of fracture energy release [based on BaZant (1983 BaZant ( , 1984 ]; and (3) the theory of fractal character of crack surfaces or microcrack distributions (Carpinteri et al. 1994 (Carpinteri et al. , 1995a .
Weibull's theory (1939) [which underlies the power law used in the Japanese code for shear failure of beams (Design 1986; Standard 1991; Okamura and Maekawa 1994) ] is the classical explanation of size effect. But it applies only to structures that fail at the initiation of macroscopic fracture from a microscopic flaw, for example, brittle metallic structures. This theory has been shown (Bazant et al. 1991; Bazant and Xi 1991) to be inapplicable to structures that fail after large stable growth of damage or fracture, which is the case for concrete. The fractal theory is not viable because it was shown that the mathematical consequences disagree with the experimental evidence, and the fractal hypothesis does not match the known physical mechanism (BaZant 1995a (BaZant ,b, 1996 (BaZant , 1997 . That leaves the energy release theory.
There are several clues indicating that the energy release theory ought to apply. It is now well understood that whenever the load-deflection diagram of a structure exhibits postpeak softening ( Fig. 1 ) and the softening is not caused by overall buckling of the structure, damage localization must be taking (J place and must cause a size effect. As shown by dimensional analysis and the theory of similitude, when the criterion of failure of a material is expressed solely in terms of a critical stress or critical strain, no size effect can exist, but when the material failure criterion is expressed in terms of energy, as in fracture mechanics, the size effect must occur (Bazant 1994 ). An asymptotic analysis of the general failure conditions according to quasi-brittle fracture mechanics independently again shows that a size effect must exist, and application of the technique of asymptotic matching yields a formula for the size effect (Bazant 1995a (Bazant ,b, 1996 (Bazant , 1997a . The nonlocal finite element models and nonlinear fracture mechanics provide further support (Bazant et al. 1994) .
For the diagonal shear failure in particular, a fourth type of explanation was proposed by Reineck (1991) , Collins and Mitchell (1991) , and Collins et al. (1996) . The hypothesis was that (1) the width of the major cracks at failure is approximately proportional to the beam depth (size); (2) the failure load depends on the transfer of shear stress across the cracks due to friction and aggregate interlock; and (3) the increase of crack opening reduces the shear stress transfer capability. Of course, whenever there is any dependence of the stress on the displacement (rather than the strain), in this case the crack opening, a size effect is engendered. However, there are four arguments indicating that the foregoing hypothesis cannot explain the main source of the observed size effect:
1. The crack width is not proportional to the beam depth and is governed mainly by the spacing and size of reinforcing bars (Hsu and Zheng 1996) . 2. The main cracks at the moment of failure run predominantly in the direction of the compressive principal stress, which is the essential assumption of the truss model or strut-and-tie model [e.g., Schlaich et al. (1987) ], and so the major cracks ( Fig. 2 ) transmit no significant shear stresses that would matter. (Considering transmission of significant shear and normal stresses across the diagonal cracks would be tantamount to rejecting the truss model, or strut-and-tie model.) 3. The opening of the diagonal shear crack at failure of a simply supported beam is the widest at the bottom of the beam while the failure of the material occurs in the compression zone near the top of the beam. 4. The crack opening width, anyway, does not control the maximum load (it controls the cracking load), and consequently, because a widely opened diagonal crack forms before the maximum load, the opening width of this crack must be relevant to the cracking load rather than the failure load.
Applying the condition of energy balance, BaZant and Kim (1984) introduced the size effect law as a correction of a strength-based formula for the nominal shear strength and showed that it allows a distinctly better statistical agreement with the existing test results. This study was extended by Bazant and Sun (1987) . For prestressed concrete and for punching of slabs, it is further extended by Cao (1986, 1987) . However, a simple, intuitively clear physical explanation of the mechanism of size effect in shear failure has not been given. To offer such an explanation is the objective' of the present study. However, the objective is not to propose definitive design formulas and procedures. This will require extensive comparisons with the existing test data and with other design formulas. The goal of the present study is to elucidate in the simplest possible manner the physical mechanism of size effect by using fracture mechanics. Fracture mechanics is a theory in which it is recognized that, if the strength limit of the material has been attained, a break of the material will a. occur if and only if the structure-load system can supply the energy required to cause the break.
The analysis that follows exploits the classical truss model, which was proposed by Ritter (1899) and Morsch in 1902 (Morsch 1922 and was experimentally further verified by Whithey (1907 Whithey ( , 1908 , Talbot (1909) , and others. In this model, approximately straight and parallel cracks are assumed to form in the direction of the compressive principal stress before the maximum load is reached (Fig. 2) . As is now well understood, the principal tensile stress does not get reduced to zero, since the cracks are cohesive cracks capable of transmitting crack-bridging tensile stresses. However, the crackbridging stresses are certain to be much smaller than the tensile strength of concrete, while the magnitude of the compressive stresses in the compressed struts of concrete between the parallel cracks must be at or near the compression strength limit, which is about 10 times higher than the tensile strength. It follows that the crack-bridging stresses, while nonzero, must be negligible in comparison to the compressive stresses. This fact justifies the truss model, recently often called the strutand-tie model.
This simple but powerful model was improved by introduction of rational criteria for determining the angle of the dominant diagonal cracks. These criteria were based first on energy minimization (Kupfer 1964) and later on Mitchell and Collins's (1981) adaptation of Wagner's (1929) condition (for web buckling in steel girders) stating that the average strains in the stirrups, longitudinal steel bars, and diagonal compressions struts must be compatible [this was called the compression field theory; see also Collins (1978) and Vecchio and Collins (1986) ]. Another version of the truss model extending Kani's concept of shear transmitting teeth was presented by Reineck (1991) . ThOrlimann (1976) and Nielssen and Braestrup (1975) presented a strict plasticity formulation of the truss model based on the normality rule, yield surfaces exhibiting slip with dilatancy, and the lower bound theorem of the theory of plasticity [see also Marti (1980 Marti ( , 1985a ]. Concrete, however, is not a plastic material. The plastic limit analysis does not apply to concrete, since concrete exhibits strain softening, which is a phenomenon describable only by the energetic failure concept of fracture mechanics. Therefore, the plastic limit analysis cannot capture the effect of structure size. This classical approach implies the failure to occur simultaneously along the entire failure surface (as a single-degree-of-freedom mechanism), which is a basic (but usually unstated) hypothesis of plastic limit analysis. In reality, the failure occurs progressively, the more so the larger the structure. This calls for a fracture mechanics approach.
In particular, a diagonal compression strut cannot fail simultaneously along the entire length and width. Instead, it fails by progressive fracture of concrete within a certain critical zone occupying only a portion of the length and width of the strut. How large a portion depends on the beam size. Furthermore, the crushed zone propagates across the strut while the rest of the strut is getting unloaded, releasing its energy and thus driving the failure. Hence, the apparent compression strength of the strut cannot be constant but must decrease with an increasing length of the strut (or the beam depth).
Fortunately, however, the truss model need not be discarded. It suffices to modify it by introducing the energetic concept of fracture mechanics. How to do this in a simple manner is the idea of the approximate analysis that follows. This analysis avoids a rigorous solution of the nonlinear boundary value problem, which can be accomplished only numerically, e.g., by finite elements. Such a "brute-force" numerical solution is appropriate for checking a design but can provide neither insight into the failure mechanism nor simple formulas suitable for design.
BASIC DEFINITIONS AND HYPOTHESES
The size effect represents the size dependence of the nominal shear strength of a beam, which is defined as
where Vu = value of the applied shear force V at the ultimate (maximum) load; d = depth of the longitudinal reinforcement below the top face of the beam (Figs. 2 and 3) ; and b = width of the rectangular cross section of the beam. For the sake of simplicity, the beam is considered to have a rectangular cross section, although a generalization to flanged cross sections would not be difficult. To separate the size effect from other effects, one must compare beams of different sizes that are geometrically similar.
The shear span a is defined in Fig. 3 (b) for a simply supported beam with two symmetric concentrated loads. When a uniform load is present, the shear span may be defined as a = MIV, where M is the bending moment in the critical cross section, leaving the analysis that follows unchanged.
Hypothesis I. The truss model, which simplifies the problem by making the stresses statically determinate and easy to calculate, is assumed to be a valid approximation.
If the truss model is valid, the failure can occur only by ductile failure (i.e., yielding) of the steel ties or longitudinal bars, or by brittle failure of the compression struts. The former type of failure is well understood, and we are interested only in the latter. Assuming the compression struts to be straight is a simplification (if the shear force V varies, it would be more accurate, but more complicated, to consider a compression arch).
If a yield or strength criterion were applicable, the concrete The compression strut fails only within a portion of its area, and the depth of the localized failure zone is independent of the beam size (Fig. 2) .
Hypothesis III. The failure modes (or failure surfaces) at maximum load of beams of different sizes are geometrically similar.
Hypothesis III means that, for example, the shear span a [Fig. 3(b) ] and the length c of the material failure zone or fracture zone at maximum load are geometrically similar. In other words, the ratios aid and (for large enough sizes) c/d are assumed to be constant. This hypothesis is of course applicable only within a certain range of sizes. However, experience from testing as well as finite element analysis indicates that this range covers the size range of practical interest.
The localized failure of compression strut, postulated in hypothesis II, may occur in various ways (Fig. 2) . Most likely, the failure zone at maximum load consists of a band of splitting cracks in the strut direction, propagating laterally (Bazant and Xiang 1996) , which is what is considered in the following. This band may be located anywhere along the strut length [Figs. 2(a, c, d) ]. The location of this band within the strut is immaterial for the analysis that follows, although we will picture the location on top [ Fig. 2(a) ], which seems most likely. In postpeak deflection, the splitting cracks either interconnect and produce a failure that looks like a shear failure ], although the failure did not start by shear, or they lead to onset of compression crushing of concrete [at the end of the test; however, after the load has been reduced to zero, compression crushing is observed only in T-beams; ]. Alternatively, a propagating shear fracture, inclined with respect to the strut [Figs. 2(b, c) ], may already exist.at the maximum load. Which of these detailed fracture modes takes place is immaterial for the simplified analysis based on the truss model. They all lead to mathematically equivalent results.
Denying that at maximum load the concrete is fracturing due to compression in the struts would be tantamount to denying the validity of the truss model (strut-and-tie model) itself. If this model is valid, then (1) diagonal tensile cracks must form before the maximum load; (2) only negligible tensile and shear stresses can exist on the planes of these cracks; and (3) the compression struts between these cracks must be aligned in the direction of the compressive principal stress in concrete. Only under these conditions can the concrete, stirrups, and longitudinal bars be treated as a truss.
The energy release due to fracture propagation can be calculated in two ways: (1) from the change of the potential energy of the structure-load system at constant displacement; or (2) from the change of the complementary energy of the structure at constant load [see, e.g., Bazant and Cedolin (1991) ]. We will examine both approaches in a simplified manner and show that they give approximately the same results.
ANALYSIS BASED ON STRESS RELIEF ZONE AND POTENTIAL ENERGY Longitudinally Reinforced Concrete Beam without Stirrups
The typical pattern of cracks forming during the failure of a simply supported beam is seen in Fig. 3 (a) (which shows the left-end portion of the beam only). Although, after the failure, only one final diagonal crack emerges, cracks of various orientations form during the loading process. The first cracks caused by shear loading are tensile cracks of inclinations of approximately 45°. On approach to the maximum load, these cracks interconnect and form a larger crack running approximately along the line connecting the application points of the load P and the reaction V in Fig. 3 (a). This major crack is free of shear stresses and has approximately the direction of the maximum principal compression stress (Tn.
According to the truss model (or strut-and-tie model), we may imagine that most of the load is transferred through the shaded zone called the compression strut (in the case of distributed load it would be more accurate to consider a compressed arch). The normal stress in the direction orthogonal to the strut is essentially zero, and the material can expand freely in that direction.
The failure behavior is approximately idealized as shown in Fig. 3 (b) for two geometrically similar beams of different sizes. Although for calculation purposes the compression strut is assumed to represent a one-dimensional bar connecting the points of application of P and V, it has a finite effective width, denoted as kd [Fig. 3(b) ], where d is the depth to the reinforcement and k is approximately a constant, independent of the beam size.
As suggested by some experimental observations and supported by finite-element results, the progression of failure at maximum load is caused by onset of compression failure of the concrete near the upper end of the compression strut, provided that the longitudinal bar is anchored sufficiently so that it cannot slip against concrete near the beam support. Aside from the fact that the compression fracture occurs only within a portion of the length of the strut, the basic premise of the present analysis is that the width h of the fracture zone in the direction of the strut is, for a given concrete, approximately a constant (which is probably approximately proportional to the maximum aggregate size and also depends on other material characteristics).
The fact that h, in contrast to the length and width of the stress-relieved strip in the strut [the white strip 56785 in Figs. 3(b,c)], is not proportional to the beam size is the cause of the size effect. If and only if the depth h of the fracture band were proportional to the beam size, there would be no size effect. For calculation purposes, we will assume that the compression failure of the material consists of a fracture band 12341 [Fig. 3(b) ] growing vertically across the strut upward or downward, or both (which of these, is immaterial for the present analysis).
Microscopically, the compression fracture may be regarded as internal buckling of an orthotropically damaged material (Bafant and Xiang 1996) . The fracture process begins by formation of dense axial splitting microcracks in the direction of maximum compression, which reduces the transverse stiffness of the material, thus causing the microslabs of the material between the microcracks to buckle laterally. This idea, which is an adaptation to damaging materials of the idea proposed by Biot (1965) for elastic materials, has recently been pursued in detail elsewhere (Bafant and Xiang 1996) . However, these details are not needed for the present analysis. Neither is it important that the fracture band is pictured propagating vertically. If it propagated across the strut in an inclined or horizontal direction, the calculation results would be equivalent.
The growth of the fracture band, which causes the loaddeflection curve to reach a maximum load and subsequently decline, relieves the compression stress from strip 56785 shown in Fig. 3(b) . The reason that the boundaries of the stress relief zone, that is, the lines 16, 25, 38, and 47, are parallel to the direction of the strut is that the material is heavily weakened by cracks parallel to the strut. Otherwise a more realistic assumption would be a triangular shape of the stress relief zone, as considered in the case of tensile failures (Bafant 1984; Bazant and Cedolin 1991, chapter 13) ; see the explanation in Appendix I. Now, how to make the size effect intuitively clear with minimum calculations? To this end, note that the area of stress relief zone 56785 in Fig. 3(b) is proportional to ca, where c is the length of the fracture band at failure. Since ca = (cld)(ald)d 2 , and cld and aid are constants independent of d, the area of stress relief zone is proportional to d 2 • Because the average strain energy density in the strut is proportional to the nominal shear stress at ultimate load u:, the total energy release from the stress-relieved strip 56785 of the strut is proportional to U~d2. However, assuming that the energy dissipation per unit volume of the fracture band is constant, the energy dissipation in the entire fracture band is proportional to d, because the area of the fracture band is proportional to ch = (cld)hd. Therefore, varying the beam size d, U~d2 must be proportional to d, which means that u. must be proportional to ItVd. This represents a size effect, in fact a very strong size effect (corresponding to linear elastic fracture mechanics).
In summary, the cause of the size effect is simply the fact that the energy release from the structure is approximately proportional to u:d 2 , whereas the energy consumed by fracture is approximately proportional to d.
Let us now do the calculations in detail. The condition that the entire shear force P must be transmitted by the compression strut yields for the axial compression stress in the strut the following expression:
where e = inclination angle of the compression strut from the horizontal (note that tan e = d/a). The strain energy density in the strut is (T~/2Ee, where Ee = Young's modulus of concrete.
The volume of the strut is abc (where b = beam width). There-fore, the loss of potential energy from the beam caused by stress relief during the formation of compression fracture band at constant load-point displacement is, approximately:
The minus sign expresses the fact that this is an energy loss rather than gain. According to the principles of fracture mechanics [see, e.g., Bazant and Cedolin (1991) , section 12.1], the energy release rate due to the growth of the fracture band is obtained as
The energy dissipated by the fracture band may be expressed on the basis of the fracture energy G f characterizing the axial splitting microcracks in the fracture band. The length of these cracks is h (width of the band), and their average spacing is denoted as Se. The number of axial splitting cracks in the band is else. Thus the total energy dissipated by the fracture band is Wf = (else)bhGf. Differentiating with respect to c, we find that the energy dissipation in the fracture band per unit length of the band, '!it, is (5) In this equation, however, it would be too simplistic to consider h as constant through the entire evolution of the compression fracture band. Naturally, the fracture band must initiate from a small zone of axial splitting cracks. The length of these cracks first extends in the direction of the strut until they reach a certain characteristic length h o • Only then does the fracture band grow across the strut at roughly constant width h = ho [see the intuitive picture of the subsequent contours of the fracture zone in Fig. 3(a) ]. Such behavior may be simply described by the equation
where ho, Wo = positive constants, ho representing the final width of the fracture band. Thus, strictly speaking, our hypothesis of a constant width of the fracture band (hypothesis II) means that the final width ho rather than h is a constant. Constant Wo will surely have different values for different concretes (e.g., it will probably increase with the maximum aggregate size d a and with Irwin's characteristic length I = EG f lf:2, which necessitates further study).
The increase of '!it with c, as described by (5) with (6), represents what is called the R-curve behavior [because '!it represents the resistance to fracture; see, e.g., Bazant and Cedolin (1991) , BaZant and Planas (1997) ]. The R-curve behavior in tensile fracture is also caused by the growth of the fracture process zone size. Here, however, this growth is expressed indirectly in terms of the length of the axial splitting cracks in the fracture band.
If, alternatively, the peaking of the load is caused by propagation of a shear crack of the kind shown in Fig. 2(b) , one should introduce the fracture energy of the compression-shear crack r f and write the critical energy required for crack growth
But this is equivalent to (5) with (6) if one sets r f = Gfhols e .
So, from now on we will consider that the peaking of the load is due to propagation of a band of splitting cracks, and the 1280 / JOURNAL OF ENGINEERING MECHANICS / DECEMBER 1997 Here the expression for Ke is that for the fracture toughness (the critical stress intensity factor) of the axial splitting microcracks. An important point is that, because of our assumptions (constant eld, aId), the values of do, VP' and c p are constant, independent of size d. The value Vp is the limiting (asymptotic) value of the nominal shear strength for very small size d.
Eq. (9) represents the size effect law proposed by BaZant (1983 BaZant ( , 1984 . This law was introduced into the analysis of diagonal shear failure by Kim (1984, 1985) , however, on the basis of a more general and less transparent argument.
By the same calculation procedure, it can also be easily shown that if, contrary to hypothesis II, the width h of the fracture band were proportional to d instead of obeying (6), there would be no size effect. But if h would vary with d other than proportionally, there would always be a size effect.
If the constant Wo were taken as 0, one would have
which is the size effect of linear elastic fracture mechanics (LEFM) , representing the strongest size effect possible. However, most experimental data exhibit a weaker size effect, which implies that the constant Wo should be considered finite.
The plot of the size effect curve given by (9) is shown in Fig. 4(a) . This curve represents a smooth transition from a horizontal asymptote corresponding to the strength theory or plastic limit analysis to an inclined asymptote of slope -112, corresponding to LEFM. The approach to the horizontal asymptote means that the plasticity approach, that is, the truss model, can be used only for sufficiently small beam sizes d.
For very small beam sizes d, we may substitute in (2) U' e = f~ = compression strength of the strut, and replace Vu by plastic nominal strength vp' From this we can solve
which is equivalent to (10). Thus, the size effect law in (9) can be alternatively written as
which shows also the effect of the relative shear span aid on the nominal shear strength. Note that/~ cannot be expected to represent the uniaxial compression strength /; of concrete, since the progressively fracturing concrete in the strut is under high transverse tensile strain in the other diagonal direction and has been orthotropically damaged by cracking due to previous high transverse tensile stress (Hsu 1988 (Hsu , 1993 . So /~ is a certain biaxial strength of concrete, depending both on the uniaxial compression strength/; and the direct tensile strength !:. This dependence needs to be calibrated by shear tests of beams.
It is interesting to determine the ratio to the nominal strength for bending failure crt. The ultimate bending moment in the cross section under the load Pis Mu = Va = crt bad.
From the moment equilibrium condition of the cross section under the load P we also have Mu = (h pbd)kbd, in which h is the yield strength of the longitudinal reinforcing bars, p is the reinforcement ratio (which means that pbd is the cross section area of the longitudinal reinforcing bars), and kbd represents the arm of the internal force couple at the ultimate load.
As is well known, kb is approximately constant. Equating the expressions for M u , we obtain crt = Phkbdla. Considering now (13), we conclude that
This equation shown that the ratio of the nominal bending strength to the nominal shear strength of the beam decreases when the relative shear span. aid increases, which confirms a well-known fact. It means that slender beams, for which aid is large, fail by bending, while deep beams, for which aid is small, fail by shear. However, as is clear from (14), the relative shear span aid at the transition between the shear and bending failures is not constant but is larger for a larger beam size d.
To express it precisely, we set (15) in (14) . This furnishes a cubic equation for the transitional shear span aid, which will obviously exhibit a size effect. There is a question whether the progressive fracturing of concrete reduces the compression stress all the way to zero. It could be that the compression stress cr c is reduced to some small but finite residual strength cr r' However, this seems realistic only when we consider beams with stirrups, which provide some degree of confinement. Without confinement, a finite residual strength might not exist. If cr r were nonzero for the present case, it would have the effect of adding a constant term to the right-hand side of (9).
The tensile strength of concrete!: has played no direct role in the foregoing analysis. The tensile strength is not a material parameter in LEFM, nor in the R-curve model of nonlinear fracture. It does appear in the cohesive (fictitious) crack model or the crack band model. However, those models are too complicated for achieving a simple analytical solution. The tensile strength, of course, controls the initiation of the inclined shear cracks; however, their growth is governed by fracture energy. In the present analysis we take the view that the inclined cracks due to shear loading have already formed before the maximum load and thus no longer grow during failure. Does shear stress transmission across cracks due to friction and aggregate interlock play any role? It could, although according to the present analysis it cannot be significant. As shown in Fig. 3(a) , only cracks rather curved within the area of the compression strut can be subjected to shear and normal loading. Their capability of shear stress transmission decreases with the crack width, and the crack width may be assumed to increase with an increasing beam size, which obviously would also introduce a size effect [this idea was proposed by Reineck (1991) ]. The cracks are the most inclined to the compression strut direction and are opened the most widely at the bottom of the beam. However, the maximum load appears to be controlled by progression of compression fracture near the major crack at the top of the beam. For this reason, the effect of crack opening on the shear stress transmission across cracks can hardly playa major role in the size effect on the maximum load.
Beam with Stirrups
Consider now a beam with stirrups (Fig. 5) . The stirrups cause the diagonal cracks due to shear to be more densely distributed. The first hairline cracks, shown by the thin dashed lines in Fig. 5(a) , form near the neutral axis (with inclination about 45°) before the maximum load. These cracks later interconnect and form continuous major cracks at inclination angle e with the horizontal (Fig. 5) . These cracks run in the direction of the maximum principal compressive stress (Tn, transmitting crack-bridging normal and shear stresses that are negligible compared to the compressive stresses in the struts between the cracks. This means that the resistance of concrete to diagonal tension may be neglected, (T! "'" O. This makes the truss statically determinate. It is this circumstance that makes the well-known simple analysis of the truss model possible.
The failure at maximum load is assumed to be caused by the progressive fracture of concrete in the compression struts between the major inclined cracks. Similar to beams without stirrups, a fracture band that consists of dense axial splitting microcracks first widens to its full width h and then propagates sideways as shown in Fig. 5(b) . For the case of a positive bending moment, this fracture band forms near the top of the beam and may be assumed to propagate horizontally, left or right, or both. The direction of the propagation of the fracture ..,..k I~..,.. t band is actually not important for the present analysis, and the same results would be obtained if the band propagated at other inclinations to the compression strut. An important point, however, is that the final length ho of the axial splitting cracks, that is, the final width ho of the band, is a material property, independent of the size of the beam. If the width ho of the band were proportional to beam depth d, there would be no size effect. Since it is less than proportional to d, there must be size effect.
Thus, the cause of the size effect is the localization of the compression failure of the strut into a fracture band of a fixed width and the growth of this band across the strut.
An important point is that the stirrups as well as the longitudinal steel bars are not necessarily yielding during the failure at maximum load. They might not have yielded before the fracturing of the strut began, or they may have yielded and unloaded. There is no reason why the yielding of steel should occur simultaneously with the progressive compression fracture.
The formation of the fracture band 12341 [ Fig. 5(b) ] may again be assumed to relieve the compression stress from the entire length of the compression struts in the region 12561 [ Fig. 5(b) ]. This causes a release of strain energy from the compression struts, which is then available to drive the propagation of the fracture band. This represents the mechanism of failure at maximum load.
With the stress relieved from the aforementioned compression struts, the beam acts essentially as shown in Fig. 5(c) , as if there were a gap in concrete (provided the residual strength of crushed concrete is neglected). However, since the steel is not in general yielding, this does not represent a failure mechanism. A failure mechanism can be created only when a sufficient number of compression struts are crushed as shown in Fig. 5(d) , in which case even nonyielding bars permit free movement because the bending resistance of the bars is negligible. However, this type of collapse mechanism corresponds to a state at which the load is already reduced to a very small value [such as state III in Fig. 5(e) ]. Thus, the stress relief at maximum load does not imply the structure to become a mechanism.
First let us explain the size effect mechanism in the simplest possible terms. The area of the compression struts from which the compression is relieved, that is, area 12561 in Fig. 6 , is proportional to cd, which is equal to (cld)d 2 • But since the failure is assumed to be geometrically similar for beams of different sizes (shown in Fig. 6 ), cld is a constant, and so the • The strain energy density before the stress relief is proportional to v~I2Ee, and so the total energy release is proportional to V~d2. The area of the fracture band is proportional to ch = (c/d)hd. Since both hand c/d are constant for beams of different sizes, the area of the fracture band is proportional to d, and so is the energy dissipated in the fracture band. So, considering the failures of geometrically similar beams of different sizes, V~d2 must be proportional to d, which means that Vu must be proportional to liv'd. Again, same as for the beam without stirrups, we thus obtain a size effect, and it is the strong size effect of LEFM. In practice, the size effect for smaller beam sizes is weaker because of the R-curve behavior of the fracture band 1234l.
We assume the stirrups to be uniformly distributed (smeared). Equilibrium of the forces in the compression struts, ties, and longitudinal bars [Figs. 6 and 5(f) ] requires that
bd cos 9 sin 9 bd cos 9 (16) sin 29 where 9 = inclination of the compression struts; Fe = compression force in the strut; and (Je = compression stress transmitted by the strut (which in general is not equal to the standard compression strength!; of concrete and depends on the size of the beam in a manner to be determined). Equilibrium on an inclined cross section of the beam parallel to the compression struts further requires that
where Au = cross section of the stirrups; s = spacing of the stirrups; and (J u = tensile stress in the stirrups, which in general is not equal to the yield stress. The stress in the longitudinal bars is obtained from the moment equilibrium condition in a cross section and is (Js = MIAskbd, in which M = bending moment, As = cross section area of the longitudinal bars, and kbd = arm of the internal force couple in the cross section. It is assumed that the steel bars are designed strong enough to resist stresses (J e and (J u safely.
We do not attempt to determine the angle 9 of the diagonal cracks and the struts by fracture analysis, since the diagonal cracks delineating the struts are assumed to be formed before the maximum load, and not during failure. Rather we adopt the method introduced into the truss model by Collins (1978) in his compression field theory, in which he used the compatibility condition for the average strains in the truss in a similar way as Wagner (1929) used the compatibility condition for approximate analysis of the shear buckling of the webs of steel beams (Collins and Mitchell 1981) . The average strains of the truss are defined as the strains of a homogeneously deforming continuum that is attached to the joints of the truss at the nodes (tops and bottoms of the stirrups). According to the Mohr circle shown in Fig. 5(f) (in which £ denotes the strains, and £/ is the strain in the longitudinal bars), the overall compatibility of the average strains of the struts, the stirrups, and the longitudinal bars requires that (I 8) Here the strains have been expressed in terms of the stresses assuming the steel not to be yielding and denoting bY!«Je) the stress-strain diagram of concrete.
[For the precise method in which the strains entering (18) are calculated, see Collins (1978) and Collins and Mitchell (1981) ]. The foregoing calculation, of course, requires that the diagonal cracks and the struts be aligned with the direction of the compressive principal strain, which coincides with the direction of the compressive principal stress.
The fracture analysis begins by expressing the potential energy change (Fig. 7) caused by the formation of the fracture band of length c at constant load-point displacement (19) The minus sign reflects the fact that this is an energy loss rather than gain.
The stress (Jr in the foregoing equation represents the residual compression strength of the fracture band in concrete. In this study the residual compression fracture strength (Jr is considered an empirical property. However, it can be mathematically expressed on the basis of the concept of internal buckling of a material heavily damaged by axial splitting microcracks, as proposed in Bazant and Xiang (1996) .
The energy release rate may be calculated as (20) The energy dissipation rate (fracture resistance) of the fracture band is again given by (5), i.e., m = Gfbhls e , in which the width of the fracture band may be assumed to evolve again according to (6), i.e., h = hoc/Cwo + c).
Substituting now (16) and (17) into (20), and using the fracture propagation criterion, i.e., '!j = m as in (8), we obtain an equation that can be easily solved for Vu. This provides the result
in which we introduced the notations
The size effect described by (21) is plotted in Fig. 4 in two ways, in terms of log Vu and of log (vu -v r ) . By virtue of the residual compression strength, the nominal shear strength of the beam tends at infinite size to a finite value. An equation of the form of (21) was proposed on the basis of general considerations in .
The question whether the confinement of concrete by stirrups suffices to cause the residual compression strength (In and thus the residual nominal strength Vn to be nonzero needs to be studied further.
ANALYSIS BASED ON STRESS REDISTRIBUTION AND COMPLEMENTARY ENERGY
The truss model also allows an easy alternative calculation of the energy release on the basis of complementary energy II:. For the sake of simplicity, we now consider the residual strength Vr = 0, although a generalization to finite Vr would be feasible.
In the truss model, we isolate the representative cell limited by the shaded zone in Fig. 6 . This cell must alone be capable to resist the applied shear force V. The fracturing of concrete in the band 12341 (Fig. 6 ) is considered to relieve the stress completely from the inclined strip 12561. If the applied shear force V is kept constant, the stress in the cell must redistribute such that all of the compression force in the inclined strut is carried by the remaining strips, shaded in Fig. 6 . After that, all of the complementary energy in concrete in the cell is contained in the shaded strips and (upon noting the energy density given by the shaded area in Fig. 7 ) may be expressed as II: = (iJ'~I2EcYV in which 'V = b(d cos e -e sin e)d/sin e = volume of the shaded strips (Fig. 6) , iJ'e = FJb(d cos ec sin e) = average normal stress in the direction of the strut, and Fe = Vlsin e = Vu bdlsin e = compression force transmitted by the strut. This yields, for the complementary energy after the stress redistribution at constant shear force V, the expression
As is well known from fracture mechanics [e.g., Bazant and Cedolin (1991) , section 12.1[, the energy release rate is obtained by differentiation of the complementary energy at constant load (or constant shear force V)
This must be equal to the energy dissipation rate, which is given by the following equations, same as before:
There is now one difference from the previous approach. In (20), the energy release rate was constant, while in (25) it increases with c. This difference should not surprise since both solutions are approximate. In the case of variable ~, which is a typical case in fracture mechanics, the crack length at maximum load, that is, at a loss of stability, need not be considered as empirical, as done in our previous calculation based on the potential energy change, but can be calculated from the stability criterion. It is well known that, at the limit of stability, the curve of energy release rate at constant load must be tangent to the R-curve (Bazant and Cedolin 1991, chapter 12) 
[This stability criterion could not be applied to the previous case with (20), because in that case, due to the approximations made, we had a< §lae = 0 and thus e was interdeterminate.]
Because < § = m, an equivalent condition is
which is more convenient. We may now substitute here the expressions in (25) and (26) (29) This represents a theoretical expression for the length of the crushing band at maximum load (i.e., at stability loss).
It may now be observed that c/d tends to zero as the size d ~ 00. In that limiting case the stress relief region would become an infinitely narrow strip, which would not be a realistic model. Therefore, (29) is meaningful only for sufficiently small sizes. For this reason, and for the sake of simplicity, we consider the second term undeVhe square root in (29) to be small compared to 1. Because 1 + 2x ... 1 + x when x « 1, (29) for small d yields the approximation:
e cot e 'd=-3- (30) Substituting this into the fracture propagation criterion < § = m, along with (25) and (26), we obtain an equation whose solution furnishes the simple result
in which we have introduced the notations (32,33)
The result we have obtained has the same form as (21), although the expressions for the size effect constants do and Vp are partly different. The differences reveal the degrees of uncertainty caused by the simplifications of analysis we made. The comparison of (21) and (31) indicates that the general form of the size effect we obtained ought to be realistic, although the coefficients do and vp cannot be fully predicted by the theory, but must be calibrated on the basis of experiments.
SIZE EFFECT ON NOMINAL STRESS AT CRACKING LOAD
It has been suggested that the size effect might not be of concern because the current ACI code [ACI 318; Building (1992) ] and other codes are intended to provide safety against the cracking load at which large diagonal cracks form, rather than against the collapse load, which is considerably higher. However, the nominal stress corresponding to the cracking load also exhibits size effect. There are two possibilities to define the cracking load.
Load-Causing Cracks of Given Relative Depth
One possibility is to define the cracking load as the load that produces initial diagonal shear cracks of a depth d, representing a given percentage of beam depth d, i.e., such that the ratio d;ld is a given constant [ Fig. 8(a) ], say 0.5. We imagine an array of the initial cracks, as shown in Fig. 8(a) . The formation of each initial crack causes stress redistribution in triangular zones 1321 and 1341, shaded in Fig. 8(a) . (In contrast to Fig. 6 , the stress relief zones are not strips, nor elongated triangles, because the material is not orthotropically damaged before the initial cracks form.) For the sake of simplicity, these zones may be assumed to consist of triangles with angles roughly e = 45°, each two triangles making a square.
The shape of these zones and the length of the initial cracks obviously determines their spacing.
Before the initial diagonal cracks form, the vertical stress in the beam is 0, and so the stirrups have no stress, while shear force V is resisted by shear stresses in concrete taken approxi- Fig. 8(a) . After the initial cracks form, the diagonal tensile stress in the shaded square zone is reduced to 0 and the applied shear stress v is then carried by truss action in the cell, i.e., by tensile stress (J'v in the vertical stirrups, given by (17) Consider now the final infinitesimal crack length increment dc/, by which the crack size c/ is reached [the shaded square zone in Fig. 8(a) grows with c/, and at the end of this increment it touches the square zone corresponding to the adjacent crack]. During this increment, the change of complementary energy is [a(all*)lik;]dc/. This must be equal to the energy consumed and dissipated by the crack, which is bRdc/; R is the crack resistance, which represents the critical energy release rate required for crack growth. In general R depends on c/, representing the so-called R-curve behavior. This dependence may be approximately described as 
Substituting here (34), we obtain an equation whose solution yields for the size effect on the applied nominal shear stress Vcr at initial cracking the following equation:
in which the following constants have been introduced: (38a,b) Note that the ratio dlc/ is assumed to be a given constant by which the cracking load is defined. Eq. (37) shows that the applied nominal shear stress at cracking follows the size effect law proposed by Bazant (1984) . As a special case, this equation applies to a beam without stirrups (Av = 0).
Load-Causing Cracks of Given Opening Width
Another possibility is to define the cracking load as the load that produces cracks of a given critical width W er . Consider first the beams with stirrups. Under a certain load, a number of parallel diagonal cracks may initiate. The cracks are cohesive. This means that crack-bridging stresses are transmitted across the cracks (due to aggregate pullout and other phenomena). Reduction of the crack-bridging stress to zero requires a considerable opening displacement of the crack, as is clear from the typical stress-displacement diagram used in the cohesive (fictitious) crack model; see Fig. 8(b) . Furthermore, it is known that when many parallel cracks form, only one of them may open widely while the others unload and close. In fact, such a localization of crack openings into one among many parallel cracks is a necessity unless there is enough reinforcement to ensure a stiffening rather than softening behavior [see chapter 12 in BaZant and Cedolin (1991) ]. Thus, unless the stirrups are extremely strong, the situation as shown in Fig. 8 (b) must be expected.
Since the reduction of the crack-bridging stress to zero requires a very large opening, we consider that the stress is reduced only to a certain small but finite fraction k, of the tensile strength /: of concrete. Consider now the relative displacement between points 5 and 6 at the bottom and top of the beam, lying on a line normal to the cracks after one large crack forms. This displacement may be approximately expressed as (k,f:lEe) + wen in which dJcos a is the length of the line segment 56, and Wer is a critical crack opening displacement at which the crack bridging stress is reduced from /: to k,f: [ Fig. 8(b) ]. Dividing this by the length of segment 56, we obtain the average normal strain in the direction orthogonal to the diagonal cracks: 
Displacement .lUI or strain £1" must be compatible with the overall deformation of the truss. Imagining the nodes of the truss to be attached to a homogeneously deforming continuum, this condition means that strain £Ier must be tensorially compatible with the normal strains ee in the inclined struts and Eb in the vertical stirrups, as well as with the principal direction angle a. This strain compatibility condition may be easil~e duced from the Mohr circle in Fig. 8(b) . Noting that 14 = (Ev -Ee)Cot a, R = 05 = 01 = 14/sin 2a = (Ev -ee)cot a/sin 2a, £/ = Ee + 2R, we obtain the following expression for the average strain in the direction orthogonal to the diagonal cracks:
In terms of the stresses, ev = crvlEs> e c = crJEe, in which E, = elastic modulus of steel and Ee = secant modulus for the compression strut at the moment the diagonal cracks form, which is less than the initial elastic modulus but larger than the secant modulus for the peak stress point of the compression stressstrain diagram. Here, the stresses may be expressed from the Consider now a beam without stirrups. This problem is more complicated because there is no truss model that could give the value of the average strain along line 2-3 in Fig. 8(c) . Other simplifications are therefore needed to obtain a simple result. We will assume that the normal strains along the line segment 2-3 in Fig. 8(c) may be approximated according to the beam theory. The shear stress in the vertical plane is distributed parabolically, and so at point 1 at middepth of the beam (neutral axis) it has the value 1'1 = 1.5v er • From the Mohr circle in Fig. 8(c) , we then obtain the normal stress cr l in the direction 2-3 at point 1 and the corresponding strain: EI = 1.5v er sin 2a/E e . The normal strain in the direction 2-3 may also be assumed distributed parabolically, in which case the average normal strain along this line is £1 = Vcr sin 2a/E e • Multiplying this by the length of segment 2-3, we obtain the relative displacement between points 2 and 3 in the direction 2-3: v"" = 3 sin 2a; (46a,b) The classical, widely used, truss model (or strut-and-tie model) for the shear failure of reinforced concrete beams can be modified to capture the fracture behavior characterized by an energy release and localization of damage into a fracture band within a portion of the compressed concrete strut.
CONCLUSIONS
If the analysis of the maximum load based on the truss model is valid, the concrete strut must, during the portion of loading history in which the maximum load is reached, undergo compression softening in a propagating fracture band (consisting of splitting cracks or shear crack inclined to the strut).
Analysis of the energy release into the fracture band shows that a size effect on the nominal strength at shear failure of a reinforced concrete beam must occur and that it should approximately follow the size effect law proposed by BaZant (1983 BaZant ( , 1984 . Conversely, the fracture behavior of the truss model (strut-and-tie model), particularly the damage localization with energy release, provides an explanation of the size effect widely observed in many tests, beginning with those of Kani (1967) .
The applied nominal shear stress that causes the initial large diagonal cracks also exhibits a size effect. The law of this size effect depends on how large diagonal cracks are defined.
The size effect formulas derived here have not yet been calibrated and verified by the available test results for beams. The expressions for the coefficients in these formulas need to be studied further in order to develop a design procedure incorporating the size effect.
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APPENDIX I. SIZE EFFECT IN ORTHOTROPICALLY DAMAGED MATERIAL
A clue to the shape of the stress relief zones considered in the preceding analysis may be obtained by comparing the stress relief zones in isotropic and highly orthotropic materials. For isotropic materials, the stress relief zone that gives a good approximation to the nominal strength erN is shown in Fig.  9(a) . For the case of highly orthotropic materials such as a composite with unidirectional fiber reinforcement, the stress relief zone becomes highly elongated and reaches to the end of a specimen. A similar situation arises in compression failure, in which long and densely distributed axial splitting cracks form before failure [ Fig. 9(c) ]. Propagation of a fracture band transversely to the direction of compression releases stress from a zone that is so elongated that it may be approximately considered as a strip with parallel boundaries.
In Fig. 9 (a), the energy consumed by fracture is proportional to the crack length c, but because c/d is assumed constant when the specimen size dis varied, the energy release is also proportional to d. On the other hand, the energy release is proportional to the area of the stress relief zones, which is proportional to cd = (c/d)d 2 or to d 2 , which means the energy release is proportional to er~d2. Thus, er~d2 must be proportional to d, which means that the nominal strength erN must be proportional to lIVd. The same is true for the situation in Fig. 
9(c).
For the case of compression failure, the area of the fracture 
This is of course a simplified formulation giving a size effect of LEFM type, In practice, due to R-curve behavior or other phenomena, an equation of the type of (21) may be derived in general for a panel failing in compression.
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